The Lemma of Tangents reformulated  by Coolsaet, K.
Discrete Mathematics 312 (2012) 705–714
Contents lists available at SciVerse ScienceDirect
Discrete Mathematics
journal homepage: www.elsevier.com/locate/disc
The Lemma of Tangents reformulated
K. Coolsaet
Department of Applied Mathematics and Computer Science, Ghent University, Krijgslaan 281-S9, B-9000 Gent, Belgium
a r t i c l e i n f o
Article history:
Available online 5 October 2011
Keywords:
Lemma of Tangents
Arc
Conic
Projective plane
a b s t r a c t
The famous Lemmaof Tangents describes a useful (algebraic) relation between the tangents
through three points of an arc in a Desarguesian projective plane. Because the formulation
of the lemma assumes the three points to have coordinates (1, 0, 0), (0, 1, 0) and (0, 0, 1),
it is sometimes not so evident to applywhen studying arc subsets ofmore than three points.
In this paper, we reformulate the Lemma of Tangents in a concise way which is
independent of the chosen basis of the projective plane. We also express the consequences
of this lemma for sets ofmore than three arc points in the form of linear equations. To show
that our framework is helpful we provide a new and direct proof of the fact that every q-arc
in PG(2, q)must be part of a conic when q is odd.
© 2011 Elsevier B.V. All rights reserved.
1. Introduction
Consider the Desarguesian projective plane PG(2, q) over a finite field K = GF(2, q). A k-arc K of PG(2, q) is a set of
k points of PG(2, q) such that no three of them are collinear. A line is called an external line, tangent or secant to K if it
intersectsK in 0, 1 or 2 points respectively. Of the q+ 1 lines through a point ofK, k− 1 are secants and t = q+ 2− k are
tangents.
We will be especially interested in the case where t is small. When t = 0, i.e., when the arc has size q + 2, it is called
a hyperoval. Hyperovals only exist when q is even. In this text we shall mostly restrict ourselves to the case where q is odd
and hyperovals will not be considered.
For t = 1 the standard example of a q+1-arc is provided by the points of a conic. A celebrated result of Segre [4,5] proves
that, when q is odd, every q+ 1-arc is necessarily of this type. This result is a consequence of the following lemma.
Lemma 1 (Lemma of Tangents). In the Desarguesian projective plane of order q, consider an arc K of size q + 2 − t which
contains the three points e1(1, 0, 0), e2(0, 1, 0) and e3(0, 0, 1). Then
t∏
i=1
AiBiCi = −1,
where Ai, Bi, Ci, i = 1, . . . , t, denote the (non-zero) coefficients in the equations
y− Aiz = 0, (z − Bix = 0, x− Ciy = 0, resp.)
of the tangents toK through e1 (e2, e3, resp.).
For a proof of this well-known lemma we refer to [3]. Note that the lemma is valid also when q is even.
The specific choice of the coordinates of e1, e2, e3 does not make the Lemma of Tangents less general. Indeed, for any
three different points of any given arcK we can always find a projectivity that maps these points to e1, e2 and e3, and this
projectivity will mapK onto a setK ′ which is again an arc.
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However, this specific formulation is less useful if we intend to consider properties of the tangents of more than three
points ofK . In Section 2 we obtain a different (and in our opinion, elegant) formulation of the Lemma of Tangents in which
the points e1, e2 and e3 do not play a special role (Lemma 2). In Section 3 we introduce some further concepts to enable us to
apply Lemma 2 more easily in terms of coordinates, and in Section 4 we use these to establish algebraic identities (10) and
(11) which must be satisfied by all points and tangents of a given arc. Finally in Section 5 we use these identities to tackle
the case when q is odd and t = 2.
After a first version of this paper was submitted to the journal, it was brought to our attention that also Simeon Ball had
recently formulated a coordinate free version of the Lemma of Tangents [1]. His reformulation is similar to our Lemma 2
but is stated in terms of polynomials. We have adapted Section 3 so that it fits his ideas and terminology more closely. From
Section 4 onwards there is little or no overlap between his paper and ours.
Segre [6] already proved that in that case all q-arcs must necessarily consist of all points of a conic, except one. (The
original proof contained a mistake and was amended by Büke [2].) Later Thas [7] provided a different proof of the same
fact using algebraic geometric arguments applied to the dual of the arc (where the tangents are interpreted as points on an
algebraic curve). Both proofs also make use of the following combinatorial result on arcs of size q: there must exist at least
one point outside the arc which is incident with at least five tangents to that arc.
In Section 5 we shall give yet another proof based on the identities developed earlier (cf. Theorem 1). We claim that
our proof is more direct than the other two. It also does not need the combinatorial property cited above. At the least it
establishes the validity of our techniques.
2. Reformulation of the lemma
We henceforth assume that the arc K contains the two points a and b with homogeneous coordinates a(1, 0, 0) and
b(0, 1, 0). This we can do without loss of generality.1
As a consequence, any further point r(x, y, z) ofK must have z ≠ 0, and hence we can normalize its coordinate triple to
the form (x, y, 1) by dividing each coordinate by z. In other words, all points ofK except a and b belong to the affine plane
AG(2, q) obtained from PG(2, q) by removing the line ab at infinity with equation z = 0. In what follows we shall always
assume that point coordinates are normalized in this way, unless explicitly indicated otherwise. (The triples (1, 0, 0) and
(0, 1, 0)will also be considered normalized.)
The line with equation Lx+My+ Nz = 0 has coordinates (L,M,N)which we shall likewise expect to be normalized in
the following way: ifM ≠ 0 thenM = 1, otherwise if L ≠ 0 then L = 1, otherwise N = 1. In other words, a line will have
an equation of the form y = −Lx− Nz, x = −Nz or z = 0.
Let r be a point with normalized coordinates (x, y, z) and R a line with normalized coordinates (L,M,N). We define
rR def= Lx+My+ Nz, (1)
i.e., the dot product of the normalized coordinate triples of r and R. Clearly rR = 0 if and only if r lies on R.
Define a t-fan of the plane (or simply, a fan, if t is clear from context) to be a pair r = (r, {R1, . . . , Rt})where r is a point
and R1, . . . , Rt are different lines through r . (The point r is called the center of the fan.) A fan is called affine if and only if its
center is affine.
A tangent fan of the arcK consists of a point r ofK togetherwith the t tangents toK through r . The tangent fans through
a and bwill be denoted by a and b respectively. Except for these two, all tangent fans ofK are affine.
A fan r = (r, {R1, . . . , Rt})will be called disjoint from a point s if and only if s does not lie on any of the lines R1, . . . , Rt .
Two fans r and swill be called disjoint if and only if each fan is disjoint from the center of the other. By definition, all tangent
fans ofK are disjoint.
Consider t-fans r = (r, {R1, . . . , Rt}) and s = (s, {S1, . . . , St}). If r and s are disjoint, we define the ratio (r/s) as follows r
s

def= (−1)t+1 (rS1)(rS2) · · · (rSt)
(sR1)(sR2) · · · (sRt) . (2)
Because r and s are disjoint, the ratio is always different from 0 and∞.
The definition of ratio clearly depends on the way we chose to normalize point and line coordinates: a different
normalization will yield different ratios. However, a product of ratios in which every fan occurs the same number of times
in the numerator as in the denominator, will be projectively invariant. In particular, for two fans r and swe always find that
(r/s)(s/r) = 1.
We are now ready to reformulate the Lemma of Tangents:
1 This somewhat breaks symmetry, which seems to contradict what we stated in the introduction. This assumption will however disappear in the
formulation of our Lemma 2 and mainly serves to make computations simpler. In later sections we will need a and b to belong toK , but then all other
points of the arc will still be interchangeable.
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Lemma 2 (Lemma of Tangents). Let K be an arc of PG(2, q) of size q+ 2− t. If r, s and u are different tangent fans of K , then r
s
  s
u
 u
r

= 1. (3)
Proof. Let r = (r, {R1, . . . , Rt}), s = (s, {S1, . . . , St}),u = (u, {U1, . . . ,Ut}). Then the left hand side of (3) is equal to
(−1)t+1
t∏
i=1
(rSi)(sUi)(uRi)
(sRi)(uSi)(rUi)
. (4)
Note that the value of this expression does not change if we drop the requirement of normalization: the effect ofmultiplying
the coordinates of any point (or line) by a constant non-zero factor cancels out between numerator and denominator.
Moreover, any projective transformation σ will map every dot product that occurs in (4), for example (rSi), to a constant
multiple kσ (rSi) of that dot product, where the constant kσ only depends on σ . Again these factors cancel out between
numerator and denominator.
In other words, the expression (4) is a projective invariant of the triple (r, s,u). Using an appropriate coordinate
transformation we may therefore assume r, s, u to have coordinates (1, 0, 0), (0, 1, 0) and (0, 0, 1) respectively, and the
lines to have equations of the form
Ri : y− Aiz = 0, Si : z − Bix = 0, Ui : x− Ciy = 0.
In this particular case (4) reduces to
(−1)t+1
t∏
i=1
(−Bi)(−Ci)(−Ai) = −
t∏
i=1
AiBiCi,
and this is equal to 1 by Lemma 1, the original Lemma of Tangents. 
3. Ratios in terms of signatures and affine coordinates
Following [1] we define the tangent polynomial Tr of a fan r = (r, {R1, . . . , Rt}) as follows:
Tr(x, y, z)
def=
∏
i
(x y z)Ri.
This is a homogeneous polynomial of degree t in three variables x, y, z. (Note that the definition of Tr depends on the chosen
coordinate normalization.) The ratio (r/s) of two disjoint fans r and s is then given by r
s

= (−1)t+1 Ts(rx, ry, rz)
Tr(sx, sy, sz)
,
where (rx, ry, rZ ) and (sx, sy, sz) are the coordinates of the centers of the corresponding fans. With this notation identity (3)
translates to
Tr(sx, sy, sz)Ts(ux, uy, uz)Tu(rx, ry, rz) = (−1)t+1Tu(sx, sy, sz)Tr(ux, uy, uz)Ts(rx, ry, rz)
which is Simeon Balls reformulation of the Lemma of Tangents in [1].
It is easily seen that Tr(x, y, z) = Tr(x− rx, y− ry, z − rz), and hence we may write r
s

= (−1)t+1 Ts(rx − sx, ry − sy, rz − sz)
Tr(sx − rx, sy − ry, sz − rz) = −
Ts(rx − sx, ry − sy, rz − sz)
Tr(rx − sx, ry − sy, rz − sz) . (5)
Now, with every affine fan rwe associate the homogeneous polynomial πr(x, y)
def= Tr(x, y, 0). Note that, because of the way
we chose to normalize the equations of the lines in Section 2 we have πr(0, 1) = 1 when r is disjoint from b.
If r, s denote affine points with normalized coordinates (i.e., rz = sz = 1), then by the above, we have r
s

= −πs(rx − sx, ry − sy)
πr(rx − sx, ry − sy) . (6)
Also, r is disjoint from s if and only if πr(sx − rx, sy − ry) ≠ 0.
To establish similar expressions for ratios of the form (r/a) and (r/b) we need to introduce similar polynomials πa and
πb for the two fans a and b at infinity.
A line A through a has an equation of the form Ly + Mz = 0, hence Ta(x, y, z) has no terms in which x occurs. We may
therefore simply setπa(y, z)
def= Ta(x, y, z). Similarly, the variable x does not occur in Tb andwe defineπb(x, z) def= Tb(x, y, z).
Because of normalization we also have πa(1, 0) = 1 when a is disjoint from b and πb(1, 0) = 1 when b is disjoint from a.
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For an affine point r with coordinates (rx, ry, 1) this yields r
a

= (−1)t+1πa(ry, 1)
πr(1, 0)
, (7)
and r is disjoint from a if and only if πa(ry, 1) ≠ 0. Likewise r
b

= (−1)t+1πb(rx, 1)
πr(0, 1)
= (−1)t+1πb(rx, 1) (8)
and r is disjoint from b if and only if πb(rx, 1) ≠ 0.
Finally a
b

= (−1)t+1πb(1, 0)
πa(1, 0)
= (−1)t+1. (9)
For an affine fan r, we may express the polynomial πb(rx, 1)πr(x, y) as a sum of monomials:
πb(rx, 1)πr(x, y) = r0xt + r1xt−1y+ · · · + rt−1xyt−1 + rtyt .
The list of the coefficients σ(r) def= (r0, r1, . . . , rt) of this polynomial will be called the signature of r. With this notation we
have πb(rx, 1) = rt and πr(1, 0)rt = r0.
Similarly, we define the signatures of a and b to be lists of coefficients σ(a) def= (1, a1, . . . , at) and σ(b) def= (1, b1, . . . , bt)
of the polynomials
πa(y, z) = yt + a1yt−1z + · · · + atzt , πb(x, z) = xt + b1xt−1z + · · · + btzt .
4. The Lemma of Tangents applied to more than three points
Lemma 3. Let r be an affine tangent fan of the arc K . Then
rt = (r tx + b1r t−1x + · · · + bt), r0 = (−1)t+1(r ty + a1r t−1y + · · · + at). (10)
Proof. The first equality was already derived earlier in the form πb(rx, 1) = rt . To derive the second equality, we use the
Lemma of Tangents:
1 =
 a
b
b
r
 r
a

= (−1)t+1 πa(ry, 1)
πb(rx, 1)πr(1, 0)
= (−1)t+1πa(ry, 1)
r0
,
which yields the desired result if we expand πa in monomials. 
Lemma 4. Let r and s be distinct affine tangent fans of the arc K . Then
(rx − sx)t(r0 + s0)+ (rx − sx)t−1(ry − sy)(r1 + s1)+ · · · + (ry − sy)t(rt + st) = 0. (11)
Proof. We have
1 =

b
r
 r
s
  s
b

= − stπs(rx − sx, ry − sy)
rtπr(rx − sx, ry − sy)
and hence
rtπr(rx − sx, ry − sy)+ stπs(rx − sx, ry − sy) = 0,
which reduces to the stated equation. 
In what follows, we shall often consider the signatures of the tangent fans ofK as ‘unknowns’ and the identities (10) and
(11) will then serve as ‘equations’ in these unknowns. Note that these equations are linear.
Both identities result from applying the Lemma of Tangents to a triple of tangent fans involving b. One might wonder
whether triples that do not involve b yield additional results, but this is not the case. Indeed, we have r
s
  s
u
 u
r

=
 r
s
  s
b
b
r

·
 r
b
b
u
u
r

·

b
s
 s
u
 u
b

,
and hence the Lemma of Tangents applied to r, s,u is a consequence of the Lemma of Tangents applied to three other triples,
each of which contains b.
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Before we proceed to some applications, we first consider the effect of the affine transformation which interchanges the
roles of x and y.
LetK be an arc and consider the arcK ′ obtained fromK by interchanging the x- and y-coordinates of its points. Note that
a and b are interchanged by this transformation and hence also belong toK ′. The fan aK ′ of tangents through awith respect
toK ′ is the image of the original fan of tangents bK through b, while conversely the new fan bK ′ of tangents through b is
the image of the original fan aK . Let rK be an affine fan of tangents ofK with image r′K ′ . The center r
′ of r′
K ′ has coordinates
(ry, rx).
A line through a with equation y + Mz = 0 becomes a line through b with equation x + Mz = 0 (and conversely). It
follows that σ(aK ′) = σ(bK) and σ(bK ′) = σ(aK). Also πaK′ (y, z) = πbK (y, z) and πbK′ (x, z) = πaK (x, z).
Setting σ(rK) = (r0, . . . , rt) and σ(r′K ′) = (r ′0, . . . , r ′t), we find
r ′t = πbK′ (r ′x, 1) = πaK (ry, 1) = (−1)t+1r0,
r ′0 = (−1)t+1πaK′ (r ′y, 1) = (−1)t+1πbK (rx, 1) = (−1)t+1rt ,
by (10).
A line through r with equation Kx+ y+Mz = 0 is mapped to the line through r ′ with equation x+ 1K y+ MK z = 0. So, if
πrK (x, y) has coefficients (k0, k1, . . . , kt−1, 1), then the coefficients of πr′
K′
can be written as (1/k0, kt−1/k0, . . . , k1/k0, 1).
Now ki = ri/rt and hence
(r ′0, . . . , r
′
t) = r ′t(1/k0, kt−1/k0, . . . , k1/k0, 1) = r ′t/r0(rt , rt−1, . . . , r0) = (−1)t+1(rt , rt−1, . . . , r0).
In other words, interchanging x an y reverses the order of the signature elements of all affine tangent fans (and changes their
sign when t is even).
As a consequence, fromany identity that is valid for general t-arcs containing a and b, wemayderive a newmirror identity
by interchanging x- and y-coordinates, interchanging the roles of a and b and changing the signatures of affine tangent fans
as described above. Note that (10) and (11) are equivalent to their own mirrors.
5. The cases t = 1 and t = 2
To test ourmethods,we first tackle the case t = 1. Let r and sdenote twodistinct fans ofK with signaturesσ(r) = (r0, r1)
and σ(s) = (s0, s1). From (10) we derive
r1 = rx + b1, s1 = sx + b1, r0 = ry + a1, s0 = sy + a1.
Substituting this into (11) yields
(rx − sx)(ry + sy + 2a1)+ (ry − sy)(rx + sx + 2b1) = 0,
which simplifies to
2(rxry − sxsy + a1(rx − sx)+ b1(ry − sy)) = 0.
As a consequence, when 2 ≠ 0, the coordinates of the point s must satisfy a quadratic equation determined by the
coordinates of r and the signatures of a and b. i.e., all points s ofK lie on a conic.
In the terminology of affine planes, the conic is the hyperbola with equation
(x+ b1)(y+ a1) = (rx + b1)(ry + a1),
i.e., the unique hyperbola with horizontal asymptote y = −a1, vertical asymptote x = −b1 that contains r . (The asymptotes
correspond to the expected tangents in the points a and b at infinity.)
Now consider the case t = 2. Let c, d, e and f denote different affine tangent fans of K . Using (10) we may compute
the values of c0, d0, e0, f0 in terms of a1, a2 and cy, dy, ey, fy, and likewise, the values of c2, d2, e2, f2 in terms of b1, b2 and
cx, dx, ex, fx. Eq. (11) leads to six identities which we shall denote as follows:
E(c, d) def= (cx − dx)2(c0 + d0)+ (cx − dx)(cy − dy)(c1 + d1)+ (cy − dy)2(c2 + d2) = 0,
E(c, e) def= (cx − ex)2(c0 + e0)+ (cx − ex)(cy − ey)(c1 + e1)+ (cy − ey)2(c2 + e2) = 0,
...
E(e, f) def= (ex − fx)2(e0 + f0)+ (ex − fx)(ey − fy)(e1 + f1)+ (cy − fy)2(e2 + f2) = 0.
We shall be interested in two particular expressions involving the symbols cx, cy, . . . , fx, fy and c0, c1, c2, . . . , f0, f1, f2. First,
consider the following sum of twelve terms:−
12
ex − fx
cy − dy E(c, d)
def= ex − fx
cy − dy E(c, d)+ · · · +
dx − cx
fy − ey E(f, e),
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where the summation symbol
∑
12 indicates that the terms in this sum are obtained by applying all even permutations of
c, d, e and f. From the above we know that this sum must be zero when c, d, e and f are tangent fans ofK .
Secondly, consider the following sum of four terms:−
4
cxc0
(cy − dy)(cy − ey)(cy − fy)
def= cxc0
(cy − dy)(cy − ey)(cy − fy) + · · · +
fxf0
(fy − cy)(fy − dy)(fy − ey) ,
where the symbol
∑
4 now indicates a cyclic permutation of c, d, e and f.
The following lemma provides us with a very useful relation between the two sums defined above:
Lemma 5. If c, d, e and f are affine tangent fans of the same arc through a and b, then
−
12
ex − fx
cy − dy E(c, d) = 4

1 cx cy cxcy
1 dx dy dxdy
1 ex ey exey
1 fx fy fxfy
 ·
−
4
cxc0
(cy − dy)(cy − ey)(cy − fy) . (12)
Proof. The proof of this lemma is rather technical and shall be postponed to the Appendix. The validity of this formula can
also easily be verified by a computer algebra system, applying the substitutions
c0 = −(c2y + a1cy + a2), . . . , f0 = −(f 2y + a1fy + a2)
c2 = c2x + b1cx + b2, . . . , f2 = f 2x + b1fx + b2,
which are direct consequences of (10). 
We shall consider the two factors in the right hand side of (12)more closely. It is an important consequence of this lemma
that (at least) one of these two factors must be zero for any four tangent fans c, d, e and f of the same arc, at least when
4 ≠ 0, i.e., when q is odd.
The first factor shall be written as
Q (c, d, e, f) def=

1 cx cy cxcy
1 dx dy dxdy
1 ex ey exey
1 fx fy fxfy
 .
Note that Q (c, d, e, f) = 0 if and only if a, b, c, d, e and f lie on the same conic, or in other words, if f lies on the conic Q
with equation
Q :

1 cx cy cxcy
1 dx dy dxdy
1 ex ey exey
1 x y xy
 = 0,
(with indeterminates x and y).
The second factor can be rewritten as
−
4
cxc0
(cy − dy)(cy − ey)(cy − fy) =

1 cy c2y cxc0
1 dy d2y dxd0
1 ey e2y exe0
1 fy f 2y fxf0


1 cy c2y c
3
y
1 dy d2y d
3
y
1 ey e2y e
3
y
1 fy f 2y f
3
y

and hence will be zero for distinct fans c, d, e and f, if and only if the following expression is zero:
C(c, d, e, f) def=

1 cy c2y cxc0
1 dy d2y dxd0
1 ey e2y exe0
1 fy f 2y fxf0

or, in other words, if f lies on the (cubic) curve C with equation
C :

1 cy c2y cxc0
1 dy d2y dxd0
1 ey e2y exe0
1 y y2 −x(y2 + a1y+ a2)
 = 0.
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Now, instead of Lemma 5 we may consider its mirror, obtained from interchanging the roles of x and y. This will yield the
same conicQ, but a different cubic curve C ′, with equation
C ′ :

1 cx c2x cyc2
1 dx d2x dyd2
1 ex e2x eye2
1 x x2 y(x2 + b1x+ b2)
 = 0.
This proves
Lemma 6. Consider a q-arc through a and b with affine tangent fans c, d, e. Then any affine point of that arc that does not lie on
the conic through a, b, c, d and e, must belong to the intersection of the cubic curves C and C ′.
The equations of C and C ′ can be written as
C : x = Dy
2 + Ey+ F
y2 + a1y+ a2 , C
′ : y = D
′x2 + E ′x+ F ′
x2 + b1x+ b2 (13)
for some elements D, E, F ,D′, E ′, F ′ of the field K .
Lemma 7. The intersection of C and C ′ contains the points a, b, c, d, e.
Proof. Substituting cx, cy for x, y annihilates the defining determinants for C and C ′. Hence c belongs to the intersection of
the curves, and so do d and e.
At infinity, the equation ofC reduces to xy2 = 0, and that ofC ′ to x2y = 0. Hence, also a, b belong to the intersection. 
Lemma 8. If the curve C is reducible, then it consists of two components: the conic Q and one of the tangent lines of a. Similarly,
if C ′ is reducible then it consists of the conic Q and one of the lines of b.
Proof. Note that the equation of C can be rewritten as
x(y2 + a1y+ a2)− (Dy2 + Ey+ F) = 0.
For this polynomial to be reducible, y2+ a1y+ a2 and Dy2+ Ey+ F must have a common factor. By definition of a1, a2 such
a common factor corresponds to a tangent to the arc, through a. Removing this line from C yields a curve C ′′ with equation
of the form
x(y+ A)− (Dy+ B) = 0.
Note that none of the points b, c, d, e lie on a tangent of a, and hence must lie on C ′′. Moreover, from the equation above we
see that also a belongs to C ′′. Hence C ′′ is a curve of degree 2 that shares five different points withQ and therefore must be
the same conic. 
At this point our proof is essentially done. Because of Lemma 8 we may assume that both C and C ′ are irreducible and
hence can have at most 9 points in common. From this it can already be proved that Theorem 1 is true for q > 21. However,
the next lemma allows us to improve this condition to q > 7.
Lemma 9. There are at most two (affine) points that lie both on C and C ′ but do not belong toQ.
Proof. Wemay assume that both C and C ′ are irreducible.
Substituting the value of y from the second equation of (13) into the first equation, yields a fifth degree equation in x,
which can have at most five solutions. Substituting this solution back into the second equation yields a unique value of y.
As a consequence, the intersection of C and C ′ may contain at most five affine points and at least three of these (c, d
and e) belong toQ. 
Theorem 1. If q is odd, q > 7, then all points of a q-arc in PG(2, q) lie on a conic.
Proof. It is easily seen that an arcK which contains a point f not on a conicQ can share at most (q+ 3)/2 points with that
conic (one for each tangent or secant toQ through f ). Hence, if |K| = q, then |K \Q| ≥ (q− 3)/2. Therefore, by Lemma 9,
we must have (q− 3)/2 ≤ 2, i.e., q ≤ 7, for suchK to exist. 
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6. Some final remarks
A natural question to ask is whether the same techniques can be used to prove that Theorem 1 also holds for q− 1-arcs
(i.e., when t = 3), at least when q is large enough. (It is known that every q − 1 arc lies on a conic for q odd, q > 83, but
the proof again uses techniques from algebraic geometry [3, Theorem 10.33]. There do also exist counterexamples for q = 7
and q = 13.) Unfortunately we only have partial results in this direction.
It is possible to derive a formula similar to (12) but it involves seven tangent fans a, . . . , g instead of just six. The formula
is not strong enough to imply that the seven points must belong to a union of algebraic curves, one of which is a conic, as in
the case above. It is even doubtful that a single equation is sufficient to express the fact that seven points must belong to the
same conic. We do have hopes that Eqs. (10) and (11) will turn out to be useful in a computer investigation of the problem.
Another direction for future research is to apply the techniques to fields of even characteristic. The factor 4 makes
Lemma5useless in that case2 but it is possible that considering seven instead of six fansmight yield someuseful alternatives.
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Appendix. The proof of Lemma 5
Lemma 10.
Q (c, d, e, f)
(cy − dy)(cy − ey)(cy − fy) =
(cx − dx)(ex − fx)
cy − dy +
(cx − ex)(fx − dx)
cy − ey +
(cx − fx)(dx − ex)
cy − fy . (A.1)
Proof. Developing the determinant Q (c, d, e, f)with respect to the first and third column, yields the value
−(cy − dy)(ey − fy)(cxdx + exfx)− (cy − ey)(fy − dy)(cxex + dxfx)− (cy − fy)(dy − ey)(cxfx + dxex).
After dividing this by (cy − dy)(cy − ey)(cy − fy), we obtain
fy − ey
(cy − ey)(cy − fy) (cxdx + exfx)+
dy − fy
(cy − dy)(cy − fy) (cxex + dxfx)+
ey − dy
(cy − dy)(cy − ey) (cxfx + dxex)
which can be rewritten as
1
cy − fy −
1
cy − ey

(cxdx + exfx)+

1
cy − dy −
1
cy − fy

(cxex + dxfx)+

1
cy − ey −
1
cy − dy

(cxfx + dxex),
which yields the required result, after regrouping terms by denominator. 
Lemma 11. Let Fc denote any expression that only depends on cx, cy, a1, a2, b1 and b2. Let Fd (resp. Fe, Ff ) denote the expression
obtained from Fc by substituting (cx, cy) by (dx, dy) (resp. (ex, ey), (fx, fy)). Then−
12
(cx − dx)(ex − fx)Fc =
−
12
(cx − dx)(ex − fx)Fd = 0, (A.2)
−
12
(ex − fx)(cy − dy)Fc =
−
12
(ex − fx)(cy − dy)Fd = −

1 cx cy Fc
1 dx dy Fd
1 ex ey Fe
1 fx fy Ff
 , (A.3)
and −
12
(cx − dx)(ex − fx)
cy − dy Fc = Q (c, d, e, f)
−
4
Fc
(cy − dy)(cy − ey)(cy − fy) . (A.4)
Proof. Grouping terms in (A.2) according to Fc, Fd, Fe and Ff , we find the following coefficient for Fc :
(cx − dx)(ex − fx)+ (cx − ex)(fx − dx)+ (cx − fx)(dx − ex).
This evaluates to zero, and, by symmetry, so do the coefficients of Fd, Fe and Ff .
2 The sum on the left hand side of (12) contains every term twice, hence it is possible to divide both sides of this equation by two. But this still leaves a
factor of 2 on the right hand side.
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Similarly, grouping terms in (A.3), we obtain the following coefficient of Fc :
(ex − fx)(cy − dy)+ (fx − dx)(cy − ey)+ (dx − ex)(cy − fy) = (fx − ex)dy + (dx − fx)ey + (ex − dx)fy
=

1 dx dy
1 ex ey
1 fx fy
 .
The coefficients of Fd, Fe and Ff can be obtained from this expression by permuting the roles of c, d, e and f , resulting in (A.3).
Finally, (A.4) can be obtained by multiplying (A.1) by Fc and summing over all cyclic permutations of c, d, e and f. 
With the same notations, we also find that−
12
(cx − dx)(ex − fx)
cy − dy Fc = −
−
12
(cx − dx)(ex − fx)
cy − dy Fd,
for interchanging both c and d and e and f in a sum of this type, must leave it unchanged. As a consequence, we find−
12
(cx − dx)(ex − fx)
cy − dy (Fc + Fd) = 0, (A.5)
and −
12
(cx − dx)(ex − fx)
cy − dy (Fc − Fd) = 2
−
12
(cx − dx)(ex − fx)
cy − dy Fc . (A.6)
To simplify (12) we shall write E(c, d) = E0(c, d)+ E1(c, d)+ E2(c, d)with
E0(c, d) = (cx − dx)2(c0 + d0),
E1(c, d) = (cx − dx)(cy − dy)(c1 + d1),
E2(c, d) = (cy − dy)2(c2 + d2)
and consider each of the three corresponding parts of (12) separately. It easily follows from (A.2) that the ‘middle’ term
vanishes:−
12
ex − fx
cy − dy E1(c, d) =
−
12
(cx − dx)(ex − fx)(c1 + d1) = 0.
Likewise, the ‘last’ term can be simplified somewhat−
12
ex − fx
cy − dy E2(c, d) =
−
12
(cy − dy)(ex − fx)(c2 + d2)
= −2

1 cx cy c2
1 dx dy d2
1 ex ey e2
1 fx fy f2
 = −2

1 cx cy c2x + b1cx + b2
1 dx dy d2x + b1dx + b2
1 ex ey e2x + b1ex + b2
1 fx fy f 2x + b1fx + b2

= −2

1 cx cy c2x
1 dx dy d2x
1 ex ey e2x
1 fx fy f 2x
 =
−
12
ex − fx
cy − dy (cy − dy)
2(c2x + d2x).
In other words, substituting c2x for c2, . . . , f
2
x for f2 in the left hand side of (12) leaves its value unchanged.
In combination with the other results, and substituting c0 = −c2y − a1cy − a2, . . . , f0 = −f 2y − a1fy − a2, by (10), we
obtain−
12
ex − fx
cy − dy E(c, d) = −
−
12
ex − fx
cy − dy

(cx − dx)2(c2y + d2y)− (cy − dy)2(c2x + d2x)

− a1
−
12
ex − fx
cy − dy (cx − dx)
2(cy + dy)− 2a2
−
12
ex − fx
cy − dy (cx − dx)
2. (A.7)
We shall evaluate each of the terms on the right hand side separately.
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The coefficient of a2 is easily rewritten, by applying (A.4) and (A.6) to Fc = cx. This yields−
12
ex − fx
cy − dy (cx − dx)
2 = 2Q (c, d, e, f) ·
−
4
cx
(cy − dy)(cy − ey)(cy − fy) . (A.8)
For the coefficient of a1 we use the identity
(cx − dx)[(cx − dx)(cy + dy)+ (cy − dy)(cx + dx)] = 2(cx − dx)(cxcy − dxdy). (A.9)
Note that−
12
ex − fx
cy − dy (cx − dx)(cy − dy)(cx + dx) =
−
12
(cx − dx)(ex − fx)(cx + dx) = 0,
by (A.2) with Fc = cx.
Applying (A.4) and (A.6) with Fc = cxcy, yields−
12
ex − fx
cy − dy (cx − dx)(cxcy − dxdy) = 2Q (c, d, e, f)
−
4
cxcy
(cy − dy)(cy − ey)(cy − fy) ,
and hence, (A.9) leads to−
12
ex − fx
cy − dy (cx − dx)
2(cy + dy) = 4Q (c, d, e, f) ·
−
4
cxcy
(cy − dy)(cy − ey)(cy − fy) . (A.10)
Finally
(cx − dx)2(c2y + d2y)− (cy − dy)2(c2x + d2x) = −2cxdx(c2y + d2y)+ 2cydy(c2x + d2x)
= 2(cx − dx)(cxc2y − dxd2y)− 2c2x c2y − 2d2xd2y + 2cydy(c2x + d2x)
= 2(cx − dx)(cxc2y − dxd2y)+ 2(cy − dy)(−c2x cy + d2xdy).
We have−
12
ex − fx
cy − dy (cy − dy)(−c
2
x cy + d2xdy) =
−
12
(ex − fx)(−c2x cy + d2xdy) = 0.
Indeed, the value of this expression is equal to
2

1 cx c2x cy 1
1 dx d2xdy 1
1 ex e2xey 1
1 fx f 2x fy 1

which is clearly zero.
As a result we obtain the following identity−
12
ex − fx
cy − dy

(cx − dx)2(c2y + d2y)− (cy − dy)2(c2x + d2x)
 = 4Q (c, d, e, f)−
4
cxc2y
(cy − dy)(cy − ey)(cy − fy) ,
which together with (A.8) and (A.10) transforms (A.7) into (12). 
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